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ABSTRACT
This article describes high fidelity modeling of electromag-

netic (EM) bearings with permanent magnets (PM) used to sup-
ply bias current. We analyze both the PM and EM parts of the
system. Magnetic circuit theory is first used to gain insightinto
the magnetic forces and allows for the dynamic analysis of a
rigid rotor coupled with the magnetic bearings. The resultsre-
veal that the magnetic forces are a strong nonlinear function of
the rotor offsets from its equilibrium position. Next, the validity
of the simplifying assumptions is examined with the aid of the
finite element method. Comparisons of the magnetic forces are
presented and discussed.

INTRODUCTION
Magnetic bearings support rotating machinery without phys-

ical contact, friction or wear. They require no lubrication, in-
crease reliability, and especially reduce noise relative to conven-
tional bearings. Magnetic bearings are also well suited to oper-
ate at higher temperatures, higher rotational speeds, and extreme
altitudes, and are hence a promising solution to current limita-
tions [1]. Magnetic bearings are increasingly being used inin-
dustrial machines such as compressors, turbines, pumps, motors,
and generators. They have also been pressed into operation in
ship board rotating machinery for the US Navy.

Typically, the bias current required in active magnetic bear-
ings is produced by an electric circuit. However, the bias current
could also be produced by using permanent magnets as has been

proposed [2]. This invention has led to some patents as well.
AVCON, Inc. initially worked with Lewis research center on
the development of a magnetic bearing system for a cyrogenic
magnetic bearing test facility [3]. The bearings were extensively
tested over a two-year time span and those tests provided a set
of data on the performance of magnetic bearings under severe
conditions. In further development the permanent magnets were
used to produce the main magnetic flux and the electromagnets
were used to regulate the flux to control the rotor offsets. For
discussion, we will call these newer types of bearings PMEM
bearings and call the rather conventional electromagneticbear-
ings, EM bearings.

The PMEM bearings have the advantage that the power con-
sumption is decreased and the overall size could possibly bere-
duced. In general, the magnetic bearings are actively controlled
relative to passive bearings, and can also be designed to effi-
ciently reduce vibration, shock response, and acoustic transmis-
sions [4]. However the rotor dynamic analysis becomes more
difficult in the presence of the coupling between the dynamics
of the rotor and that of the magnetic bearings since the applied
magnetic forces are highly nonlinear. Clearly, we need accurate
models to be able to predict the behavior quantitatively as well as
qualitatively to capture nonlinear dynamic phenomena. In partic-
ular, the analytical modeling of the PMEM bearings, as reported
in the literature, is quite approximate and needs to be refined.
Clearly, a refined model would increase accuracy of prediction
and enhance confidence and hence enable large-scale use.

The magnetic field generated by the magnets, either electro-
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FIGURE 1. PMEM bearing model introduced by Lee, Hsiao and Kuo [2]

magnets or permanent magnets, is approximated in the literature
with many assumptions including that of uniform fields, negligi-
ble fringing and leakage, and almost always ignoring the nonlin-
earity. Any critical ship board machinery should be capableof
operating through significant shock events that may occur during
wartime service or storms. The Navy specificationMIL-S-901
defines shock testing requirements for such equipment [5]. This
has been a problem for many magnetic bearing supported ma-
chinery; clearly, a high fidelity magnetic model of the bearings
with a good understanding of the physics should hence be de-
veloped with the highest priority prior to the applicationsof the
exciting magnetic bearing technology on board Navy ships and
other transportation vehicles subjected to large disturbance but to
strict performance expectation.

The past literature is quite slim for PMEM bearings. The
analytical expressions for stiffness and peak load in stacked-
structure radial magnetic bearings have been presented by Paden
et al. [6]. The asymptotic approximations to force and stiff-
ness characteristics of magnetic bearings formed from concen-
tric permanent magnet rings having rectangular cross sections
have been done by Chenet al. [7]. Murakamiet al. [8] have ad-
dressed a new energy storage flywheel system using a supercon-
ducting magnetic bearing (SMB) and a permanent magnet bear-
ing (PMB). The magnetic vector potential has been exploitedto
obtain a three dimensional analytical solution for axiallypolar-
ized bearings by Jianget al. [9]. Ohji et al. [10] have reported
a comparative evaluation of the permanent magnet configuration
and its effects on the radial disturbance attenuation and magnetic
losses. PMEM bearing modeling has been largely carried out
by [2]; more discussion follows on their work.

This paper follows on the previous work done by Nataraj
[4,11–13] and Frank [14]. The nonlinearity of the magnetic force
and the coupling between rotor and magnetic bearings will be
further addressed. A magnetic circuit approach [15, 16] is uti-
lized to calculate the magnetic force acting on the rotor.

MATHEMATICAL MODELING
The system investigated here follows a rotor-bearing config-

uration developed by Leeet al. [2] as shown in Fig. 1. The rotor
is supported by two sets of PMEM. Each PMEM includes a PM
part and two EM sections. The main flux is provided by its PM
part where the EM is utilized for regulating the flux.

The PM part includes four permanent magnets in a circular
fashion. The stator of the EM is a four-rib stator wound by equal
number of turns of control currents. The coils along each axis
are connected in series and excited independently by the vertical
and horizontal control currents as shown in Fig. 2.

A nonuniform distribution of the airgap flux results in a
nonzero magnetic force acting on the rotor in the direction of de-
viation when the rotor moves from its concentric position. The
EM coils are excited with the current proportional to the mag-
nitude of deviation to control the rotor position. This results in
decreasing and increasing values of the fluxes in the narrowed
and widened sides of the airgap.

The PM flux flows along a loop parallel to the shaft axis
where the EM flux flows along the loop normal to the shaft axis
without passing through the PM.

The PMEM can be generally categorized, namely, as “copla-
nar” and “non-coplanar”. The PMEM modeled here is a non-
coplanar type as shown in Fig. 3. The flux path determines the
type of a PMEM; for a non-coplanar PMEM, the flux paths of
the PM and the EM are not the same.

For simplicity, we neglect flux leakage, fringing, and eddy
currents. We also assume a linear BH relation and a uniform
flux distribution within the air gaps. Note that the PM material
exhibits a straight demagnetization curve. Using the Ampere’s
law one has,

φ = BS (1)

where,
φ is the magnetic flux.
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FIGURE 3. Configuration of a non-coplanar PMEM

B indicates the magnetic flux density.
S is the projected cross section area of the media normal to

the flux.
By definition,

φ
n

∑
i=1

R= Ni (2)

where,
N is the number of coils of the EM part.
i is the control current.
∑n

i=1R is the path reluctance.
The simplified relation of the field intensity and the control

current can be written as follows.

Hl = Ni (3)

Shown in Fig. 4 is the electric circuit of the PM part. Combining

Eqs. 1, 2, and 3, one finds

φ
n

∑
i=1

R=
Br

µ
(4)

where,µ indicates the slope of the demagnetization curve of a
PM material at the working point. Eq. 4 can be rewritten as
follows.

bBr

µ

2G
µ0 Ag

b
µ Ap

Φp

FIGURE 4. The electric circuit of the PM part

φ(2Rg+Rr +Rp) =
Br

µ
(5)

where,
Br is the residual flux density of the PM part.
Rg indicates the reluctance of the air gap.
Rr related to the reluctance of the rotor.
Rp is the reluctance of the PM part.
Note that the value of the rotor reluctance is negligible in

comparison with the reluctance of air gap sinceµr = 2000≫ 1.
The values ofRg, for both the top and bottom air gaps, andRp

are calculated as follows.

Rgt =
G−w
µ0Ag

(6)

Rgb =
G+w
µ0Ag

(7)

Rp =
b

µAp
(8)
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For a non-coplanar PMEM with nominal air gap of widthG, the
thickness of the PM in the axial direction,b, and the vertical rotor
displacement,w, the magnetic flux of both the top and bottom air
gaps shown in Fig. 3 are found as follows.

φp,1 =
µ0AgApbBr

2(G−w)µAp+bµ0Ag
(9)

φp,3 =
µ0AgApbBr

2(G+w)µAp+bµ0Ag
(10)

where,
µ0 is the air permeability; 4π ×10−7.
Ag is the effective area of the air gap.
Ap is the pole face area.
Shown in Fig. 5 is the electric circuit of the EM part. With

respect to the loop equations for 13421, 43564, 65786, and the
node equation of nodes 2468, one easily has,

φ1 =
( 1

R2
+ 2

R3
+ 1

R4
)Ni1+( 1

R4
− 1

R2
)Ni2

1+ R1
R2

+ R1
R3

+ R1
R4

(11)

φ3 =
( 1

R2
+ 2

R1
+ 1

R4
)Ni1+( 1

R2
− 1

R4
)Ni2

1+ R3
R1

+ R3
R2

+ R3
R4

(12)

where,R1-R4 indicate the reluctances of the paths. For the rotor
offset alongzaxis,R1-R4 are found as follows.

R2 = R4 = R=
G

µ0Ag
,R1 =

G−w
G

R,R3 =
G+w

G
R (13)

Substituting Eq. 13 into Eqs. 11 and 12, the magnetic flux gener-
ated by the EM part for both the top and bottom air gaps can be
found as follows.

φe,1 = µ0AgNi1
2G+w

2G2−w2 (14)

φe,3 = µ0AgNi1
2G−w

2G2−w2 (15)

With respect to Eq. 1 and the simplified relation of the magnetic
force and flux density stated as follows.

Fmag=
B2S
2µ0

(16)
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FIGURE 5. The electric circuit of the EM part

One has,

Fmag=
φ2

2µ0S
(17)

The vertical magnetic force of a PMEM can be calculated as fol-
lows. We name it asFzz to indicate the force on the z direction
due to the currenti1 in thezdirection. Similarly,Fxz andFyz stand
for the forces, respectively, alongx andy axes that would result
from the current along thezaxis.

Fzz= 2

(

φ2
1

2µ0Ag
−

φ2
3

2µ0Ag

)

(18)

Substituting Eqs. 9, 10, 14, and 15 into Eq. 18 yields,

Fzz=
1

µ0Ag

(

(

µ0AgApbBr

2(G−w)µAp+bµ0Ag
+ µ0AgNi1

2G+w
2G2−w2

)2

−

(

µ0AgApbBr

2(G+w)µAp+bµ0Ag
− µ0AgNi1

2G−w
2G2−w2

)2
)

(19)

Next, the values calculated for the magnetic force (Eq. 19)
due to the rotor offset alongzaxis are compared to those of finite
element modeling approach. Note that neglecting some nonlin-
earities such as flux leakage and fringing would be expected to
yield smaller values of the bearing forces, in thex andy direc-
tions, generated by the rotor offset alongzaxis. We examine the
validity of these assumptions in the next section.

FINITE ELEMENT MODELING OF PMEM BEARINGS
As stated earlier, the amount of current used for the mag-

netic bearing operation is greatly reduced because the biasflux
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is utilized by the permanent magnets in the PMEM bearing. Figs.
6 and 7 present the finite element model of the PMEM bearing
and its distribution of magnetic flux density when the rotor is in
its concentric position.

Fig. 7 illustrates considerable amounts of magnetic flux den-
sity at the top air gap generated by the PM part of the PMEM.
Fig. 8 exhibits a streamline plot of the magnetic flux density
when the rotor has no eccentricity; note that the flux leakageand
eddy currents are distinguishable within the boundary condition
defined for the model. Note that we neglected these kinds of
nonlinearities in our analytical model.

FIGURE 6. Finite element modeling of a PMEM

The geometrical and circuit parameters of the PMEM mod-
eled are given in Table 1.

r0: Rotor radius
r1: Radius of pole surfaces
r3: Inner radius of the magnetic flux rings
r4: Outer radius of the magnetic flux rings
µr : Rotor and stator permeability
µr−PM: Relative permeability of permanent magnets
b: Length of the permanent magnets
Ag: Effective area of each pole surface
Ap: Effective area of permanent magnets
Br : Residual magnetic field intensity of the permanent mag-
nets
Ib: Current bias
Ic: Current control
G: Nominal gap size

Shown in Fig. 9 (a-d) are the magnetic flux densities of the
PMEM bearing including the vertical control currents of theEM
coils (see Fig. 2),i1 = 1,4A, for two values of eccentricities,
w= 0.25mmandw= 0.45mm, along thez axis. The total num-
ber of degrees of freedom (DOF) considered in the FE model is
410,742.

FIGURE 7. Magnetic flux density of the rotor forw= 0mmandi1 =
1A

Figs. 10 and 11 present the electromagnetic forces along the
zaxis due to the rotor offset in the same direction when the con-
trol currents show 1A and 4A. The FEM result shown in Fig.
10 is somewhat similar to that of the analytical model thougha
spike close to the nominal maximum displacement can be dis-
tinguished probably due to the numerical issues. As would be
expected, the accuracy of the analytical method seems question-
able with increasing values of the control current, as shownin
Fig. 11. This kind of behavior would be justified in connection
with the assumptions made for neglecting the nonlinearities.

On the other hand, the nonlinearities neglected undoubtedly
result in higher values of the magnetic flux density which directly
affects the magnetic force generated via Eq. 16.

TABLE 1. Parametric values of the PMEM bearing

– PMEM

r0 27.5mm r1 28mm

G 0.5mm r3 35mm

r4 40mm µr 2000NA−2

µr−PM 1.05 b 8mm

Ag 25.05mm2 Ap 147.017mm2

Br 1.2T Ib 0

Ic 1A,4A
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(a) 2D streamline plot of magnetic flux density

(b) 3D streamline plot of magnetic flux density

FIGURE 8. 2D and 3D streamline plots of the PMEM fori = 1A and
w= 0mm

Clearly, a nonlinear relationship exists between the magnetic
force and the control current stated in Eq. 19 in the sense that
increasing values of the control current, typically from 1A to 4A,
would yield sixteen times greater value of the magnetic force
shown in Figs. 10 and 11.

Obviously, the magnetic force generated by a higher value
of the control current, 4A, is a much higher than that of a lower
value of the current, 1A, for both the approaches employed. As
stated earlier, the bearing forces have been neglected by elimi-
nating the effects of fringing, flux leakage, and other magnetic
nonlinearities.

We have also investigated here the bearing forces alongx
andy axes that result from the vertical motion of the rotor along
z axis. This is of interest to realize that our assumptions made
for small values ofFxz andFyz are valid only for small values of
eccentricities.

Our calculations reveal validity of the assumptions only for
values of the eccentricities limited between 0% and 50% of the
rotor offset along thez axis. Under these conditions,Fyz can be
assumed to be small in comparison withFzzat the same positions
of eccentricities. For example, the values ofFyz andFzz, at 80%
of the rotor offset, are 3.6423N and 573.98N, respectively. Ob-
viously,Fyz would take higher values by increasing values of the
control currents. This is also valid forFxz although the values

found forFxz andFyz are considerably smaller than those ofFzz.
Note that the force alongx axis could be balanced by a second
bearing by using a pair of bearings to control the position ofthe
rotor.

Shown in Fig. 12 is a comparison made among the magnetic
flux densities of the control currents for both the analytical and
the finite element approaches. As can be seen, the analytical
model loses its accuracy for higher values of the control current;
we again see a spike for large displacements. Shown in Fig. 13
are the magnetic forces versus the phase angle measured fromy
axis when the rotor has the shown eccentricities and the control
current is 1A.

Fig. 14 shows the magnetic flux for different rotor offsets
along both they andz axes for a vertical control current of 4A.
As would be expected, the directions of the arrows change. The
values of the forces are given in Table 2. Table 2 indicates a
higher value ofFyz when the rotor has offsets along both they
andz axes than when the rotor is offset only along thez axis.
This phenomenon would be explained with fact that the magnetic
reluctance is reduced yielding higher values of the magnetic flux
and consequently increasing the values of the magnetic force.

TABLE 2. The magnetic forces at different values of the rotor offset

– w= v= 0.40mm w= 0.40mm, v= 0

Fzz 560.93 573.98N

Fyz 179.48N 3.6423N

Fxz 16.19N 7.3147N

ACCURACY OF FE MODELING
In physics, a magnetic field can permeate into infinite space.

However, the FE modeling for the magnetic field is limited to
finite environment space. So we wish to investigate the conse-
quence of this modeling limitation. Shown in Fig. 15 is the FE
model of the PMEM bearing with different sizes of the environ-
ment space. The magnetic flux density at the middle of the top
pole surface,Bg, converges from 0.966774 to 0.869475. Results
show that the bigger the environment space, the more accurate
magnetic flux density can be estimated. However, this leads to
an increase in the degrees of freedom which creates excessive
computational burden. In general, it is found that when the sur-
rounding environment space is modeled with at least 3 times the
size of PMEM bearing, an accurate magnetic flux density predic-
tion is achieved. The FE modeling shown in Fig. 15-(b) is used
for all the results related to the PMEM model in Fig. 6.
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EFFECT OF SHAFT LENGTH ON MAGNETIC FLUX
DENSITY

Next, we wish to investigate the effect of the shaft length on
the magnetic flux density. This would give an indication of the
limitations of two-dimensional modeling often adopted in mag-
netic bearing studies. Shown in Fig. 16 is the FE model of the
PMEM bearing model for two different shaft lengths. Clearly,
they result in almost the same magnetic flux density prediction.
Since there are more magnetic flux losses through the shaft, the
magnetic flux density at the middle of the top pole surface,Bg,
is a lower value for the shown case of Fig. 16-a than that for
the case in Fig. 16-b. The magnetic flux density prediction for
the case with a longer shaft in Fig. 16-b is unexpectedly a little
higher than that in Fig. 16-a. However, it should be noted that
a coarser mesh scheme is used for the longer shaft because of
memory constraints. Overall, there is little difference inthe mag-
netic flux density prediction between the PMEM models with
different shaft lengths. And thus it is not advisable to sacrifice
the DOFs solved in order to adopt the whole shaft length in cal-
culating the magnetic force on the rotor. Instead, a scale of1 to
2 of effective shaft length to the thickness of stators wouldbe
sufficient.

CONCLUSION
In this article, some novel results of high fidelity model-

ing of electromagnetic bearings with permanent magnets forbias
(PMEM) have been presented. The results have been compared
with those of finite element analysis using COMSOL Multi-
physics package. Both the analytical and FEM results indicate
a strong nonlinearity of the magnetic force on the rotor offset
from its equilibrium position.

The analysis using the magnetic circuit theory provides a
straightforward physical insight into the magnetic forceson the
rotor and hence could be applied for an initial dynamic analysis
of a rigid rotor coupled with the magnetic bearings. However, the
magnetic circuit approach due to some of the assumptions can
be questionable in some cases. The flux leakage, fringing, and
other magnetic nonlinearities show significant effects forhigher
values of the control current producing the magnetic flux density
and consequently on the magnetic force as shown in Figs. 10
and 11. This can be attributed to the various assumptions made
as discussed earlier.

To ensure accuracy in prediction, a higher fidelity FE mod-
eling of PMEM bearings has been provided. Due to the assump-
tions made for the analytical approach, the bearing forces,Fxz

andFyz, have been calculated for an improved understanding of
the PMEM bearing performance. Comparing with the analytical
model, it is clear that assumptions stated for the bearing forces
are valid only for a limited range (0−50%) of the rotor deviation
from it concentric position. Note that decreasing value of the air
gap results in higher values of these forces although they can still

remain small toFzz.
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(a) i = 1A, w= 0.30mm, 60 % of the nominal gap

(b) i = 4A, w= 0.30mm, 60 % of the nominal gap

(c) i = 1A, w= 0.45mm, 90 % of the nominal gap

(d) i = 4A, w= 0.45mm, 90 % of the nominal gap

FIGURE 9. Magnetic flux densities for two positions of the rotor con-
trolled by a PMEM bearing
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FIGURE 10. Comparison between the magnetic forces (Fzz) for i1= 1
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FIGURE 11. Comparison between the magnetic forces (Fzz) for i1= 4
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(a) i = 4A, w= 0.40mm, v= 0

(b) i = 4A, w= 0.40mm, v= 0.40mm

(c) Arrow plot for i = 4A, w= 0.40mm, andv= 0mm

(d) Arrow plot for i = 4A, w= 0.40mm, andv= 0.40mm

FIGURE 14. Magnetic flux densities for the rotor offset alongy and
z axes

(a) Bg = 0.966774T (b) Bg = 0.873137T

(c) Bg = 0.869485T

FIGURE 15. FE modeling of the PMEM bearing with increasing en-
vironment space size from (a) to (c)

(a) Bg = 0.843537T

(b) Bg = 0.845089T

FIGURE 16. FE modeling of the PMEM bearing (a) A short shaft,
and with (b) A longer shaft
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