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a  b  s  t  r  a  c  t

In the  present  paper,  an  analytical  solution  based  on  a molecular  mechanics  model  is  developed  to eval-
uate  the elastic  critical  axial  buckling  strain  of  chiral  multi-walled  carbon  nanotubes  (MWCNTs).  To
this  end,  the total  potential  energy  of  the system  is  calculated  with  the  consideration  of  the  both  bond
stretching  and  bond  angular  variations.  Density  functional  theory  (DFT)  in  the  form  of  generalized  gradi-
ent  approximation  (GGA)  is  implemented  to  evaluate  force  constants  used  in  the  molecular  mechanics
model.  After  that,  based  on  the principle  of  molecular  mechanics,  explicit  expressions  are  proposed  to
obtain  elastic  surface  Young’s  modulus  and  Poisson’s  ratio  of the single-walled  carbon  nanotubes  corre-
sponding  to  different  types  of chirality.  Selected  numerical  results  are  presented  to  indicate  the  influence
of  the type of  chirality,  tube  diameter,  and  number  of  tube  walls  in  detailed.  An excellent  agreement  is
found  between  the  present  numerical  results  and  those  found  in  the  literature  which  confirms  the  valid-
ity as  well  as  the accuracy  of  the  present  closed-form  solution.  It is  found  that  the  value  of  critical axial
buckling  strain  exhibit  significant  dependency  on  the  type  of  chirality  and  number  of  tube  walls.

© 2016  Published  by  Elsevier Inc.

. Introduction

Carbon nanotubes (CNTs) are one of the stable families of carbon structures which have been attracted much attention of the scientific
ommunity research through their remarkable physical, electrical, and mechanical properties [1–4]. As the size of the CNTs is at the nano
cale there are some difficulties in the experimental methods to investigate the behaviors of them that causes theoretical analyses of
anostructures are becoming increasingly important.

Modified continuum models have been one of the applied analytical methods in nano mechanics due to their computational efficiency
nd the capability to produce accurate results which are comparable to those of atomistic models. The application of nonlocal continuum
echanics allowing for the small scale effects to the vibrational analysis of nanomaterials has been recommended by many research
orkers [5–15]. However, continuum based models have at least two shortcoming in their analyses. At first, there is not any consensus

n the correct value of effective thickness used in the calculations. Li and Chou [16] extracted the effective thickness of carbon nanotubes
qual to 0.066 nm through comparison of the molecular dynamics simulation results with the ones of continuum model. Chang et al. [17]
roposed an effective thickness of 0.0617 nm on the basis of study on the carbon nanotube deformation. The value of 0.71 nm was obtained

or effective thickness by Fang et al. [18] with a tight bonding molecular dynamics. Moreover, in many researches the value of spacing of
raphite (0.34 nm)  has been utilized in the analyses. Another deficiency of the continuum mechanics is that it has not the capability to
ncorporate the effect of chirality into account because of disregarding the discrete nature of atomic structures.

Molecular mechanics model is another efficient type of computational methods which is considered as a powerful tool to investigate the
echanical responses of nano structures analytically without the shortcomings mentioned before. Zhang et al. [19] presented an analytical

odel based on molecular mechanics approach to derive explicit expressions for elastic modulus and Poisson’s ratio of SWCNTs as a

unction of the nanotube diameter. On the basis of molecular mechanics model, Cornwell and Wille [20] obtained analytical solutions for
he critical axial buckling strain of achiral SWCNTs under axial compression and showed that zigzag tubes are more stable than armchair
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Fig. 1. Definition of the inversion angle components.

nes with the same diameter. Wang et al. [21] calculated the surface Young’s moduli of SWCNTs with dissimilar diameters as well as chiral
ngles using molecular mechanics simulation. A finite element model of SWCNTs based on molecular mechanics theory was  proposed by
i et al. [22] to evaluate Young’s modulus, ultimate strength and strain of SWCNTs. Korobeynikov et al. [23] used the molecular mechanics
ethod based on the modified Morse force field to determine the critical buckling parameters and postbuckling deformation of SWCNTs

wisted at edges. Kinoshita et al. [24] investigated the axial compressive stress–strain relationships and deformation processes of wavy
WCNTs with multiple Stone–Wales defects using molecular mechanics simulations with the adaptive intermolecular reactive empirical
ond-order potential. Ansari et al. [25] described the axial buckling behavior of chiral SWCNTs using a combined continuum-atomistic
pproach. To this end, the nonlocal Flugge shell theory is implemented into which the nonlocal elasticity of Eringen incorporated. Molecular
echanics is used in conjunction with density functional theory (DFT) to precisely extract the effective in-plane and bending stiffnesses

nd Poisson’s ratio used in the developed nonlocal Flugge shell model.
In the current study, axial buckling characteristics of MWCNTs with different types of chirality and values of tube diameter and number

f tube wall are investigated using molecular mechanics modeling. Density functional theory (DFT) in conjunction with the generalized
radient approximation (GGA) is implemented to obtain the relevant elastic constants of the nanotubes. Closed-form analytical solution
s presented to evaluate the critical axial buckling strain of the nanotubes relevant to various amounts of chiral angles. It is observed that
he present tight-binding molecular mechanics model has the capability to predict axial buckling behavior of MWCNTs accurately as well
s quickly.

. Molecular mechanics model

.1. Total potential energy

The total potential energy, Et, in the empirical force field method of molecular mechanics, can be stated as the sum of several energies
ue to valence of bonded interactions or bonded and non-bonded interactions

Et = U� + U� + Uω + U� + Uvdw + Ues (1)

n which U� , U� , Uω , and U� are energies associated with bond stretching, bond angle variation, bond inversion,and torsion, respectively;
vdw and Ues are also associated with van der Waals and electrostatic interactions (see Refs. [26,27–30]), respectively.

Depending on the particular materials and loading conditions considered, different functional forms might be utilized for these energy
erms. For the present buckling problem of carbon nanotubes, the terms U� , U� , Uω and Uvdw are expected to be significant in the total
otential energy of the system. As Hooke’s law has proven to be efficient and precise enough to describe the behavior of atoms under small
eformation [31], it is frequently employed to characterize the interactions between bound atoms in the system, therefore, Eq. (1) may be
ritten in the form

Et =
∑ 1

2
K�(dr)2 +

∑ 1
2
C�
(

d�
)2 +

∑ 1
2
Cω(dC)2 +

∑ 1
2
Kvdw(ds)2 (2)

here dr, d�, dC and dS are the bond elongation, bond angle variance, the change of space between two  atoms and the jump in deflection
t the atomic position, respectively. The average inversion angle  ̌ is

 ̌ = 1
3

(
ˇ1 + ˇ2 + ˇ3

)
(3)
ere, ˇ1, ˇ2 and ˇ3 are illustrated in Fig. 1. The force constants K�, C� and Cω associated, respectively, with energies of bond stretching,
ond angle variation and bond inversion can be determined theoretically or experimentally.
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As there are three bond lengths rij1, rij2, rij3 and three bond angles �ij1, �ij2, �ij3 associated with an atom indexed by ij in a carbon nanotube
(Fig. 2), one can re-write Eq. (2) in a more specific form, i.e.

Et = 1
2

∑
ij

1
2
K�
∑
k

(
drijk

)2 +
∑
ij

1
2
C�
∑
k

(
d�ijk

)2 +
∑
ij

1
2
Cω

(
1
3

∑
k

ˇijk

)2

+ 1
2

∑
i

1
2
Kv

[(
dω+

ij

)2
+
(
dω−

ij

)2
]

(4)

here the subscript k = 1, 2, 3. Besides, it should be remarked that the constant coefficient 1/2 of the first term and fourth terms in Eq. (4)
is to ensure that bond stretching energy is considered only once. ωij is the radial displacement of atom ij, and dω+ (dω−) represents the
jump in the deflection between the wall on which atom ij located and its inner (outer) adjacent wall. It should be noted that dω+ (dω−)
should be set to be zero for the innermost (outermost) wall.

2.2. Axisymmetric buckling of chiral single-walled carbon nanotubes

The structure of a single-walled carbon nanotube is often characterized by a pair of integers (n,m), representing its helicity [32]. When
an axially compressed single-walled carbon nanotube is considered, the energy term in Eq. (4) associated with the intertube van de Waals
interaction can be neglected. For an undeformed (n,m) larihc carbon nanotubes, one have the following geometrical parameters

rij1 = rij2 = rij3 = r0 (5)

ˇij1 = �

2
√
n2 + nm + m2

cos (�1) (6-a)

ˇij2 = �

2
√
n2 + nm + m2

cos
(
�

3
− �1

)
(6-b)

ˇij3 = �

2
√
n2 + nm + m2

cos
(
�

3
+ �1

)
(6-c)

�ij1 = arc cos
(

sin (�2) sin (�3) cos
(
ˇij1
)

+ cos (�2) cos (�3)
)
i, j, k = 1, 2, 3; i /= j /= k. (7-a)

Fig. 2. Definition for atom position of type A and B in a chiral tube.
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Fig. 3. Single-walled carbon nanotube under loading (a) decomposing of acting force (b) force distribution in bonds r1 and r2.

w

w
t
a

Fig. 4. Variation of the strain energy Es with strain for grapheme.

�ij2 = arc cos
(

sin (�3) sin (�1) cos
(
ˇij2
)

+ cos (�3) cos (�1)
)

(7-b)

�ij3 = arc cos
(

sin (�1) sin (�2) cos
(
ˇij3
)

+ cos (�1) cos (�2)
)

(7-c)

here

�1 = arc cos

(
2n + m

2
√
n2 + nm + m2

)
(8-a)

�2 = 4�
3

+ �1 (8-b)

�3 = 2� + �1 (8-c)

3

here rij , �ij and ˇij are bond length, bond angle and inversion angle of the atom ij, respectively. A carbon nanotube under compression
ends to buckle when its axial strain exceeds the critical compressive strain, ε0. Prior to buckling, the variation of bond length, bond angle
nd inversion angle from equilibrium values are obtained as follows.
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Fig. 5. Variation of the strain energy Es and its derivative with strain of BN sheet. The strains corresponding to two critical points in the elastic range are indicated by �C1

and �C2 .

F
fl

r

w

ig. 6. Strain energy relative to planar boron-nitride for fully relaxed nanotubes of varying radius plotted vs a quadratic approximation of the bending energy with the
exural modulus predicted by the DFT.

Similar to those in Fig. 3 [33], the axial force F acting on a chiral single-walled CNT can be decomposed into fp perpendicular to the bond
3 and fa along the bond r3. The geometrical relationships between the two  forces are given by

fp = Fcos
(
�

6
− 	

)
(9)

fa = F sin
(
�

6
− 	

)
(10)

here the chiral angle 	,  is given by the expression⎛ ⎞

	 = arc cos⎝ (2n + m)

2
√(

n2 + nm + m2
)⎠ (11)
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Fig. 7. Critical buckling strain versus tube diameter.
Fig. 8. Critical buckling strain versus tube diameter.

With reference to Fig. 5 from the force equilibrium

fp sin

(
�3

2

)
− facos

(
�3

2

)
= K�dr1 (12)
Also, from the moment equilibrium

fp cos
(
˛

2

)(
r1
2

)
= C�d�3 + C�d�2 cos (
 ) (13)
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Fig. 9. Critical buckling strain as a function of number of tube walls N for different (5n,5n) armchair multiwalled carbon nanotubes.

w
r

w

Fig. 10. Critical buckling strain as a function of number of tube walls N for different (n,n) armchair multiwalled carbon nanotubes.

here C�d�3 is the rotation moment induced by bond angle variation in plane r1 − r2, and C�d�3�2 cos
(
 
)

the moment by d�3 in plane
3 − r1. 
 , the torsion angle between planes r1 − r2 and r3 − r1, can be calculated in [34]

cos (
 ) =
tan

(
�3/2

)
tan

(
�2
) (14)

The geometrical relationship between angles �3 and �2 is also given by

cos
(
�2
)

= − cos
(

�

n + m

)
cos

(
�3

2

)
(15)
here �/(n + m)  is the angle of bond r3 to the plane r1 − r2. By differentiating both sides of Eq. (15), one can arrive at

d�2 = −
d�3

(
sin
(
�3/2

)
cos

(
�/ (n + m)

))
2sin

(
�2
) (16)
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Fig. 11. Critical buckling strain as a function of number of tube walls N for different (n,0) zigzag multiwalled carbon nanotubes.

b

i

T

Fig. 12. Critical buckling strain as a function of number of tube walls N for different (n,m) chiral multiwalled carbon nanotubes.

Substituting Eqs. (14) and (16) into Eq. (13) with the assumption of r3 = r1 for the undeformed chiral single-walled CNT, the relation
etween d�3 and dr1 becomes

d�3 = dr1

r1

cot
(
�3/2

)  (
2�AK�r2

1

)
C�

(17)

n which

�A =
sin
(
�2cot�3/2

)(
4sin

(
�2
)

cot
(
�3/2

)
− 2sin

(
�3/2

)
cot
(
�2
)

cos
(
�/ (n + m)

))
he axial strain �fp and circumferential strain �

′p
f of a (n,m) chiral nanotube can be defined as [34],
�fp =
d
[

r1sin
(
�3/2

)
+ r2sin

(
�3/2

)]
r1sin

(
�3/2

)
+ r2sin

(
�3/2

) (19)
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�
′p
f =

d
[

r3 + r1cos
(
�3/2

)]
r3 + cos

(
�3/2

) (20)

By means of Eqs. (12)–(14), (16), (19), and (20), with the simplified relation r3 = r1, one has

�fp = dr1

r1

(
cot
(
�3/2

)2
�AK�r2

1

C�
+ 1

)
(21)

�
′p
f = dr1

r1

cos
(
�3/2

)
1 + cos

(
�3/2

) (1 − �AK�r2
1

C�

)
(22)

In accordance with its definition, the Young’s modulus and Poisson’s ratio of a chiral SWCNT can be written as [34]

Yp
f

= fp
2�Rtεf p

(23)

� = −ε1

ε0
(24)

After a lengthy manipulation, Young’s modulus and Poisson’s ratio of chiral SWCNT can be given as follows

Y = 1
2�Rt

⎛
⎜⎜⎜⎜⎝

(n + m) k�r1

sin
(
�
3 + 	

)
sin
(
�3
2

)(

AK�r

2
1

C� tan
(
�3
2

)2 + 1

)
⎞
⎟⎟⎟⎟⎠ (25)

� = −
cos

(
�3/2

)(
1 − 
AK�r

2
1

C�

)
(

1 + cos
(
�3/2

))( 
AK�r
2
1

C� tan
(
�3
2

)2 + 1

) (26)

here, the thickness of a SWCNT, has many various values given by different people [35–37], and evidently, this situation can bring out
reat chaos. So, in the present study, the concept of surface Young’s modulus would be introduced to avoid defining the magnitude of
ffective thickness. The so-called surface Young’s modulus, then, can be expressed as the product of the conventional Young’s modulus
ith the tube thickness, that is, Ys = Yt

YS = 1
2�R

(
(n + m) k�r1

sin
(
�/3 + 	

)
sin
(
�3/2

)( 
AK�r
2
1

C� tan (�3/2)2 + 1

) (27)

Using Eq. (21), one would have

drij1 =

⎛
⎝ εf

pr1(
cot
(
�3/2

)2

AK�r

2
1

)
/C� + 1

⎞
⎠ (28)

rij2 is also obtained as same as above approach:

drij2 =

⎛
⎜⎜⎝ εf

pr2(
cot (�3/2)2


AK�r
2
2

C�
+ 1

)
⎞
⎟⎟⎠ (29)

rij3 is obtained By means of Eqs. (12)–(14), (16) and (19)

drij3 =
(

tan
(
�
6 − 	

)
K�

)(
C�d�3 + C�d�1

tan
(
�3/2

)
tan

(
�2
)
)(

1

cos
(
�3/2

)(
r3/2

)
)

(30)

d�ij1 = −
d�ij3 sin

(
�3/2

)
cos

(
�/ (n + m)

)
2 sin

(
�2
) (31)

d�ij2 = −
d�ij3 sin

(
�3/2

)
cos

(
�/ (n + m)

)( ) (32)

2 sin �2

d�ij3 = drij1
r1

cot(�3/2)
(

2
AK�r
2
1

)
C�

(33)
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According to the displacement of the atoms of SWCNT after buckling, the variations of bond length (�rij1, �rij2, �rij3), bond angle
��ij1, ��ij2, ��ij3), and inversion angle (�ˇij) of the deformed SWCNT after buckling can be obtained. These quantities are given in the
ppendix A in which the following parameters are used

˛1 = 0 (34-a)

˛2 = arc sin
(
r3
2R

sin
(
�/3 + 	

))
(34-b)

˛3 = arc sin
(
r1
2R

sin
(

−�3/2 + �

3
+ 	

))
(34-c)

˛4 = arc sin
(
r2
2R

sin
(
�3/2 + �

3
+ 	

))
(34-d)

here R, the tube radius can be expressed in the form

R =
r0

√
3
(
n2 + nm + m2

)
2�

(35)

here �i,j, the radial displacement of the atom ij, is assumed to be small in comparison with r0 For atoms located at type B position as
hown in Fig. 2, the term�i,j+1 in the preceding equations must be replaced by �i,j−1. In fact, there is no crucial difference between atoms
t type A and type B positions. For convenience, the mathematical procedure described herein is only for atoms at a type A position.

.3. Calculation of force constants

.3.1. Mechanical properties of graphene using density functional theory (DFT)
Due to superficial properties of two-dimensional monolayer honeycomb structures of graphene, they can be implemented for the future

pplications. Through extraordinary mechanical properties of honeycomb structure of graphene with sp2 bonding, they have the capability
o offer high in-plane strength. Carbon nanotubes which are formed by rolling up the graphene sheets provide the highest tensile strength
nd elastic modulus compared to any other known materia. In this section, the elastic constants of graphene based on the strain energy
alculations are presented in the range of harmonic deformation. The calculations are performed on the basis of density functional theory
DFT), in the form of generalized gradient approximation (GGA) and using exchange correlation of Perdew–Burke–Ernzerhof (PBE). The
alculations presented herein are performed via the Quantum–Espresso coding procedure. The basic concepts and relations used in the
uantum–Espresso code are expressed as follows.

.3.1.1. Calculating band structure. A group of atoms which contains many numbers of electrons and ions is considered. In this collection,
here are interactions between the ions and electrons which cause to create an electronic structure. These interactions can be expressed
ccurately using the Schrodinger many body equation as

H

(

(r1, r2, . . .,  rN) ;
{
Rm
})

= E

(

(r1, r2, . . .,  rN) ;
{
Rm
})

(36)

here ri is the location of ith electron, and Rm is equal to the location of the ions which based on the Born–Oppenheimer, approximation
an be regard constant. The related Hamiltonian operator can be defined as follows

H = −1
2

∑
i

∇2
i +

∑
i<j

1
|ri − ri|

+
∑
i

Vext
(
ri,
{
Rm
})

(37)

hich includes the expressions of kinetic energy, interactions of electron–electron, and potential energy, respectively. Through minimizing
he total energy with respect to Rm, the equilibrium location of the ions can be obtained. By solving the above equation corresponding to
ll particles, a complete data of the system will be available. However, it is not possible to solve these 3N equations for a system with high
umbers of atoms. So, to find a solution for this problem, the density functional theory (DFT) is utilized which can be defined as

n (r) = N

∫
dr2. . .

∫
drN |


(
(r1, r2, . . .,  rN) ;

{
Rm
})

|2 (38)

On the basis of DFT and using Hohenberg–Kohn equations, all of the properties of a molecular system can be calculated.

.3.1.2. Kohn–Sham equations. the following set of one-particle equations as recessive relations to obtain the energy of the ground state
nd density of the electrons in this state can be expressed as[−1

2
∇2 + Veff (r)

]
�i (r) = �i�i (r) (39),

Veff (r) = VH (r) + Vxc (r) + Vext (r) ,

n (r) =
N∑

|
i (r) |2

i=1

VH (r) =
∫

n (r)

|r − ′
r|

d
′
r ,
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Vxc (r) = ∂Exc [n (r)]
∂n (r)

In the present formulation, the complex interaction of electron to electron is represented by the Hartree potential and exchange
orrelation term.

.3.1.3. Local density approximation (LDA). The recessive solution of Kohn–Shem is an efficient procedure for the solid state physical
roblems. Nonetheless, to use this strong method, it is necessary to estimate the exchange-correlation functional which is not actually
vailable. So, to evaluate this function, a new approximation should be employed that in the current study, the simplest one which is
nown as local density approximation is utilized. According to this type of approximation, the exchange-correlational energy relevant to
n electron in a homogenous electronic gas is deducted for an inconsistent distribution as follows

ELDA
xc [n (r)] =

∫
n (r) εn0

xc [n (r)] dr (40)

.3.1.4. Pseudopotential approximation. Internal electrons in atoms do not have a considerable effect on the electron–electron interactions.
herefore, only the valence electrons are included in the Kohn–Shem equations. Though this matter make increase the computational
fficiency of the solution, but wave functions of valence electrons change rapidly in the cores of the atoms which causes difficulty to solve
he problem numerically. To overcome this difficulty, the potentials of the ions and inner electrons are replaced with plane potential named
s Pseudopotential. Based on the previous works in the literature, the change in the results is not significant with increasing the unit cell
imension. Therefore, in the current study, the smallest hexagonal unit cell is utilized in the calculations for more simplicity. Brillouin zone

ntegration is conducted with 20* 20* 1 Monkhorst and Pack k-point mesh, and the cut-off energy for plane wave expansion was taken to
e 80Ry.  The graphene has a 2D hexagonal unit cell with a lattice constant of a = 2046 Å in which the C C bond length is d = 1042 Å and all
toms lie in the same plane.

.3.2. Young’s modulus and Poisson’s ratio
The two essential constants to represent the elastic properties of a homogenous and isotropic material are Young’s modulus and Poisson’s

atio. Due to inconsistency for the value of effective thickness of monolayer structures, it is better to use the in-plane stiffness in spite of
oung’s modulus.

If A0 is the equilibrium area of the system, the in-plane stiffness can be calculated as

Ys =
(

1
A0

)
×
(
∂ES

2

∂ε2

)
(41)

n which Es is the strain energy given by

Es = ET (ε) − ET (ε = 0) (42)

hich is equal to the total energy at a given axial strain � minus the total energy at zero strain. And � is the uniaxial strain (ε =
�a
a , abeing the lattice constant). The Poisson’s ratio which is defined as the ratio of the transverse strain to the axial strain can be expressed
s

� = −εtrans

εaxial
(43)

ig. 4 which shows the harmonic region can be taken between −0.02 < ε < 0.02 and it is followed by an inharmonic region where higher
rder terms are not negligible in the strain energy equation. The calculated value of Ys in the harmonic region is equal to 350 N/m for
raphene. Also the obtained Poisson’s ratio is 0.16. The value of in-plane stiffness obtained in this work relevant to graphene has a good
greement with the experimental value of 340 ± 50N/m which confirms the reliability of the present method. Fig. 5 depicts the variation
f strain energy ES and its derivative

[
dES (ε)/d�

]
with the applied strain varying from −0.02 to 0.45 in uniform expansion. It is observed

rom the figure that there are two critical values of strain. The first one, �C1 , is the point corresponding to which the derivative curve reaches
o its maximum value and then tends to be decreased. It occurs nearly at � = 0.19. It means that for � > �C1 , the expansion of structure can
e happened with smaller tensions. After the inharmonic region, a plastic region can be found where irreversible structural changes occur

n the system corresponding to which the structure behave in a different manner after the yielding point. The second critical point �C2 is
he yielding point which is approximately equal to � = 0.28. For the strains with the values higher than this point, the strain energy tends
o be increased and the system remains its honeycomblike type of the structure. Because of the release of tension, all the deformation
ecome extinct, so the system could return to its initial size at � = 0. Apparently, for a perfect graphane subjected to uniform strain of �C2 ,
he yielding can only occur for ideal conditions. For �C1 < ε < �C2 the system is in a metastable state. Following the yielding point, where

 ≥ �C2 , the irreversible deformations will be found corresponding to the plastic range. However, this range of strain is beyond the scope
f this paper.

.3.3. Flexural rigidity
Flexural rigidity is an important property of a two dimensional sheet of material, i.e., the dependence of the strain energy on its curvature

long some direction. By bending of a grapheme sheet, one can obtain SWCNT’s of different chirality. We can define the value of flexural

igidity D as a coefficient in energy of unloaded/free relaxed tube as a function of its diameter

D = ∂2
E

∂K2
(44)
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here K(1/R) is the only nonvanishing principal curvature of the monolayer.
Tube energy per atom relative to a flat graphene sheet is the same as the graphene sheet strain energy due to flexing. Fig. 6 represents

he strain energy relative to planar graphene for fully relaxed nanotubes of varying radius vs a quadratic approximation of the bending
nergy with the flexural modulus predicted by the Density functional theory (DFT) theory. The value of the flexural modulus D determined
rom larger diameter CNTs is 0.8586 eV (2.249 eV Å2/atom), and is independent of whether (n,n) or (n,0) structures are considered. And
ndeed, our results for fully optimized tubes do confirm that there is no difference in strain energy for (n,n) and (n,0) carbon, Which shows
hat there is no difference in values of the flexural rigidity D for tubes of varying chirality, it means these materials are isotropic. This
umber is in good agreement with the molecular dynamics (MD) simulations based values of 0.85 eV computed by Yakobson [19].

.3.4. Force constants K�, C� and C�

Substituting �3 = �2 = 2�/3 and n∼∞ into Eqs. (26) and (27) give the expressions for the elastic modulus and Poisson’s ratio in the
lane of graphene as follows,

YS = 8
√

3K�
K�r2

1/C� + 18
(45)

� = K�r2
1/C� − 6

K�r2
1/C� + 18

(46)

By introducing the computed values of elastic modulus, Poisson’s ratio and flexural rigidity D, which are equal to 350N/m, 0.16 and
.8586 eV respectively, into the preceding equations, one can obtain K� = 721.69nN/n and C� = 1.376nNnm. Also the value of Cω can be
alculated as 24D [19], which will lead to Cω = 3.30nNnm.

In this paper, similar to Ru’s multishell model, we  only consider the van der Waals interactions from the nearest neighboring layers and
imply take Kvdw = Kv = 1.62nN/nm, which is in fact the value for an atom interacting with a graphene sheet to which the distance from
he atom is about 0.34 nm.

.4. Stability equation

Making use of the parameters disscussed in Section 2.2, the potential energy of the system prior to buckling, dE, and after buckling, �E,
an be computed using Eq. (19). The free energy of the system, ˘ ,  is

 ̆ = dE − �E  (47)

he condition for  ̆ to be extremum requires

∂˘
∂�ij

= ∂ (dE − �E)
∂�ij

= 0 (48)

here ij is the radial displacement of the atom ij.
Where the buckling mode parameter � for an (n, n) armchair nanotube can be expressed as

� =
√

3m1�r0
2L

(51)

ere L is the tube length, r0 the reference C C bond length, and m1 the number of half waves in the axial direction. It is seen that the
uckling strain has a minimum value (i.e., the critical buckling strain) that decreases with increasing n (increasing tube diameter). With
he aid of the buckling wavelength

l =
√

3�r0
�

(52)

here � is defined in Eq. (40).
we can also see that the wavelength of the buckling increases with an increase in n [17]. Fig. 7 shows the variation of critical buckling

train versus carbon nanotube diameter for the state of armchair.
Also obtained results from Chang’s molecular mechanic and Yakobson’s [8] (or by Ru’s [9]) continuum method are presented in Fig. 7

hich shows large difference with those of molecular dynamic results.
To investigate the influence of the chirality on the buckling strains of nanotubes, the variation of critical buckling strain versus diameter

f nanotube is plotted in Fig. 8 for armchair, zigzag and chiral tubes. The difference between results obtained for armchair and zigzag tubes
ecomes more pronounced when the diameter of tube increases. As it can be seen in this figure, the stability of zigzag carbon nanotube
nder axial load is better than armchair carbon nanotube and the minimum stability is for (n, n/2) tube.

. Buckling of MWCNT’s under axial compression

For an k-walled CNT, although a diamond like mode can be observed at the final buckling stage, MD  simulations have shown that the
nitial buckling mode of an MWCNT is in a ring pattern [30]. Thus the above approach is particular useful to determine the critical buckling
train of MWCNT’s. The system free energy for an MWCNT is the summation of the intratube energies, dEintra − �Eintra, and the intertube
an der Waals interactions, dE − �E ,
inter inter

� = (dEintra − �Eintra) + (dEinter − �Einter) =
N∑
K=1

(
dE(K) − �E(K)

)
+
N−1∑
K=1

(
dE(K,K+1)

vdw − �E(K,K+1)
vdw

)
(53)
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here the superscript k is the wall index numbered from the outermost tube to the innermost tube, dE(K) and �E(K) are the intratube
train energies for the kth wall of the MWCNT, and dE(K,K+1)

vdw and �E(K,K+1)
vdw represent the intertube van der Waals interaction potentials

etween the kth and (k + 1)th individual tubes.
We seek the radial displacement of atom ij located on the kth wall due to axisymmetric buckling as

�ij = �(k)
(
xij
)

= Z(K) cos
(m�xij

L

)
+ Z(K)

0 (54)

here L is the length of nanotube, m the half wave numbers along the tube axis direction, xij the longitudinal coordinate of atom ij, and
(K) the bucking amplitude and Z(K)

0 the radial extension of the nanotube before buckling. The extremum condition of � leads to

∂�
∂�ij

=
∂
(
dE(K) − �E(K)

)
∂�ij

+ Kvdw
2

∂
∂�ij

{[
�(K+1)

(
xij
)

− �(K)
(
xij
)]2 +

[
�(K)

(
xij
)

− �(K−1)
(
xij
)]2
}

= 0 (55)

Here we should note that for an N-walled nanotube, �(N+1) (x) = �(0) (x) = 0. Eq. (55) in fact gives the radial equilibrium equation of atom
. When the van der Waals interaction is absent, Eq. (55) can be simplified to Eq. (48) for a SWNT. With use of Eq. (54) to keep Eq. (55) a
ermanent equation, it needs two constraint equations. One of them may  be used to calculate z(k)

0 and will not be discussed here because
t has no contributions to the problem we considered. The other for z(k) can be written as(

F(ε0)(K)
)
Z(K) − Kv

(
Z(K+1) − 2Z(K) + Z(K−1)

)
= 0 (56)

ith Z(N+1) = Z(0) = 0 for an N-walled nanotube. Comparing Eq. (56)–(49), as can be expected, the characteristic equations for a MWNT
re coupled by the intertube van der Waals interactions.

We rewrite Eq. (56) in a matrix form as

[M]
{
Z
}

= 0 (57)

here the coefficient matrix

[M] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F(ε0)(1) + Kv −Kv 0 . . . 0 0

−Kv F(ε0)(2) + 2Kv −Kv . . . 0 0

0 −Kv F(ε0)(3) + 2Kv . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . F(ε0)(N−1) + 2Kv −Kv

0 0 0 . . . −Kv F(ε0)(N) + Kv

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(58)

nd the vector z represents the buckling amplitude of each individual tube:

{z} =
{
z(1), z(2)z(3), . . .,  z(N)

}T
(59)

Nontrivial solution of z need the determinant of matrix M to be zero—i.e.,

Det [M] =  0 (60)

hich consequently yields an k-order equation of ε0. The buckling strain ε0 corresponding to a given buckling mode for any k-walled tubes,
n principle, can be obtained from such an k-order equation, and the critical buckling strain εC should be the minimum value of ε0.

The critical buckling load of an MWNT  under axial compression can be determined from Eq. (60). For any given buckling mode parameter
, there exist N solutions of Eq. (60). With the variation of � from 0 to �/2, there is a minimum value among these solutions which is the
ritical buckling strain of the problem.

. Results and discussion

The critical buckling strain of (5n,5n) MWNT’s (which can be viewed as solid MWCNT when k > 2) is shown in Fig. 9. We  can see that
he critical buckling strain decreases with increasing layers of the MWCNT (i.e., increasing outer diameter of the MWNT) under both load
onditions. This phenomenon is quite different from that of a continuum shell due to the fact that the intertube van der Waals interaction
s much weaker than the intratube binding interaction, which makes the MWCNT’s highly anisotropic.

As it can be found from Fig. 9, the difference between critical axial buckling strain of MWCNTs with various numbers of tubes is more
iginificant corresponding to lower numbers of tubes and by increasing of k, this difference tends to diminished. This obtained pattern is
n good agreement with the results reported in the literature using MD  simulations.
After the validation of the present solution, now the results for the general chiral nanotubes can be given. Illustrated in Figs. 10–12 are
he variation of critical axial buckling strain of armchair, zigzag, and chiral MWCNTs with the number of tube walls, respectively. As it can
e observed from the figure, the variation of critical axial buckling strain of MWCNTs in general form will be decreaseed by increasing the
umber of tube walls and this decrease is more considerable relevant to lower values of chiral number n.
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ppendix A.

Stretching of bond r1 after buckling:

�rij1 = 1
2r1

(�2
i−1,j + �2

i,j − 2�i−1,j cos (˛3) �i,j cos (˛1) − 2�i−1,j sin (˛3) �i,j sin (˛1) + cos

(
�3

2

)
sin
(
	
)
�i−1,j sin (˛3) r1

− cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r1 +

√
3 sin

(
�3

2

)
sin
(
	
)
�i−1,j sin (˛3) r1 − sin

(
�3

2

)
cos

(
	
)
�i−1,j sin (˛3) r1

+ sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1 −

√
3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r1 +

√
3 cos

(
�3

2

)
cos

(
	
)
�i−1,j sin (˛3) r1

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1) + drij1 (1-A)

Stretching of bond r2 after buckling:

�rij2 = 1
2r2

(�2
i+1,j + �2

i,j − 2�i+1,j cos (˛4) �i,j cos (˛1) − 2�i+1,j sin (˛4) �i,j sin (˛1) + cos

(
�3

2

)
sin
(
	
)
�i+1,j sin (˛4) r2

− cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2 +

√
3 sin

(
�3

2

)
sin
(
	
)
�i+1,j sin (˛4) r2 − sin

(
�3

2

)
cos

(
	
)
�i+1,j sin (˛4) r2

+ sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2 −

√
3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2 +

√
3 cos

(
�3

2

)
cos

(
	
)
�i+1,j sin (˛4) r2

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2) + drij2 (2-A)

Stretching of bond r3 after buckling:

�rij3 = 1
2r3

(�2
i,j+1 + �2

i,j − 2�i,j+1 cos (˛2) �i,j cos (˛1) + 2�i,j+1 sin (˛2) �i,j sin (˛1) + sin
(
	
)
�i,j+1 sin (˛2) r3 + sin

(
	
)
�i,j sin (˛1) r3

+
√

3 cos
(
	
)
�i,j+1 sin (˛2) r3 +

√
3 cos

(
	
)
�i,j sin (˛1) r3) (3-A)

Variation of bond angle �1 after buckling:

��ij1 = −
(

1

2
√

3(r1r2)
1
2

)
((

−1

2
(

−1 + cos
(
�1
)2
)√

1 − cos
(
�1
)2

(2(sin
(
	
)
�i,j sin (˛1) r3 − 2�i+1,j sin (˛4) �i,j sin (˛1)

+ 2�i,j+1 sin (˛2) �i,j sin (˛1) − 2�i,j+1 cos (˛2) �i,j cos (˛1) − sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2 + 2�i,j

2

− cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2 − 2r2 cos

(
�3

2

)
sin
(
	
)2
r3 − 2�i+1,j cos (˛4) �i,j cos (˛1) − 2r2r3 cos

(
�3

2

)
cos

(
	
)2

− 2�i+1,j sin (˛4) �i,j+1 sin (˛2) +
√

3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2 −

√
3 cos

(
�3

2

)
cos

(
	
)

sin (˛1) �i,jr2

+
√

3 cos
(
	
)
�i,j sin (˛1) r3 +

√
3 sin

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) r2 − sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) r2

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) r2 − cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) r2 − �i+1,j sin (˛4) r3 sin

(
	
)

−
√

3�i+1,j sin (˛4) r3 cos
(
	
)

+ 2�i+1,j cos (˛4) �i,j+1 cos (˛2))  cos
(
�1
)3 − 3 cos

(
�1
)2 − (sin

(
	
)
�i,j sin (˛1) r3

−2�i+1,j sin (˛4) �i,j sin (˛1) + 2�i,j+1 sin (˛2) �i,j sin (˛1) − 2�i,j+1�i,j cos (˛2) cos (˛1) − sin

(
�3

2

)
�i,j cos

(
	
)

sin (˛1) r2 + 2�i,j
2

( ) ( ) ( ) ( ) ( ) ( )

− cos

�3

2
sin 	 �i,j sin (˛1) r2 − 2r2r3 cos

�3

2
sin 	

2 + 2�i,j
2 − 2�i+1,j cos (˛4) �i,j cos (˛1) − 2r2r3 cos

�3

2
cos 	

2

−2�i+1,j sin (˛4) �i,j+1 sin (˛2) +
√

3 sin

(
�3

2

)
sin
(
	
)
�i,jr2 sin (˛1) −

√
3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2



(˛2)

in (˛1)
B. Safaei et al. / Journal of Molecular Graphics and Modelling 65 (2016) 43–60 57

+
√

3 cos
(
	
)
�i,j sin (˛1) r3 +

√
3 sin

(
�3

2

)
sin
(
	
)
�i,j+1r2 sin (˛2) − sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) r2

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) r2 − r2 cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) − �i+1,j sin (˛4) r3 sin

(
	
)

−
√

3�i+1,j sin (˛4) r3 cos
(
	
)

+ 2�i+1,j cos (˛4) �i,j+1 cos (˛2))2 + 2))
(

cos
(
�1
))

− (sin
(
	
)
�i,j sin (˛1) r3 − 2�i+1,j sin (˛4) �i,j sin (˛1)

+2�i,j+1 sin (˛2) �i,j sin (˛1) − 2�i,j+1 cos (˛2) �i,j cos (˛1) − sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2 − cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2

−2r2r3 cos

(
�3

2

)
+ 2�i,j

2 − 2�i+1,j cos (˛4) �i,j cos (˛1) − 2�i+1,j sin (˛4) �i,j+1 sin (˛2) +
√

3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2 +

√
3 cos

(
	
)
�i,j sin (˛1) r3 +

√
3r2 sin

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2)

−r2 sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) −

√
3 cos

(
�3

2

)
cos

(
	
)
r2�i,j+1 sin (˛2) − r2 cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2)

−�i+1,j sin (˛4) r3 sin
(
	
)

−
√

3�i+1,j sin (˛4) r3 cos
(
	
)

+ 2�i+1,j cos (˛4) �i+1,j cos (˛2))
(

sin
(
�1
))

) + d�ij1 (4-A)

Variation of bond angle �2. after buckling:

��ij2 = −
(

1

2
√

3 (r1r2) 1
2

)
((

−1

2
(

−1 + cos
(
�1
)2
)√

1 − cos
(
�1
)2

(2(sin
(
	
)
�i,j sin (˛1) r3 + 2�i,j+1 sin (˛2) �i,j sin (˛1)

− 2�i−1,j sin (˛3) �i,j sin (˛1) − 2�i,j+1 cos (˛2) �i,j cos (˛1) − 2�i−1,j cos (˛3) �i,j cos (˛1) − sin
(
	
)

cos

(
�3

2

)
�i,j sin (˛1) r1 + 2�i,j

2

+
√

3 cos
(
	
)
�i,j sin (˛1) r3 + r1 sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) −

√
3r1�i,j sin

(
�3

2

)
sin
(
	
)

sin (˛1)

−
√

3r1 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) − 2r1r3 cos

(
�3

2

)
cos

(
	
)2 + 2�i−1,j cos (˛3) �i,j+1 cos (˛2) − 2�i−1,j sin (˛3) �i,j+1 sin (˛2)

−2r1r3 cos

(
�3

2

)
sin
(
	
)2 − �i−1,j sin (˛3) r3 sin

(
	
)

− r1 cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) −

√
3 cos

(
	
)
�i−1,j sin (˛3) r3

+r1 sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) −

√
3r1 sin

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) −

√
3r1 cos

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2))  cos

(
�2
)3

−3 cos
(
�2
)2 − (sin

(
	
)
�i,j sin (˛1) r3 + 2�i,j+1 sin (˛2) �i,j sin (˛1) − 2�i−1,j sin (˛3) �i,j sin (˛1) − 2�i,j+1 cos (˛2) �i,j cos (˛1)

−2�i−1,j cos (˛3) �i,j cos (˛1) − cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r1 + 2�i,j

2 +
√

3 cos
(
	
)
�i,j sin (˛1) r3 + sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1

−
√

3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r1 −

√
3r1 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) − 2r1r3r3 cos

(
�3

2

)
cos

(
	
)2 + 2�i−1,j cos (˛3) �i,j+1 cos

−2�i−1,j sin (˛3) �i,j+1 sin (˛2) − 2r1 cos

(
�3

2

)
sin
(
	
)2
r3 − �i−1,j sin (˛3) r3 sin

(
	
)

− r1 cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2)

−
√

3�i−1,j sin (˛3) r3 cos
(
	
)

+ sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2) r1 −

√
3r1 sin

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2)

−
√

3r1 cos

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2))2 + 2))

(
cos

(
�2
))

− (sin
(
	
)
�i,j sin (˛1) r3 + 2�i,j+1 sin (˛2) �i,j sin (˛1) −  2�i−1,j sin (˛3) �i,j s

( ) ( ) √ ( )

−2�i,j+1 cos (˛2) �i,j cos (˛1) − 2�i−1,j cos (˛3) �i,j cos (˛1) − cos

�3

2
sin 	 �i,j sin (˛1) r1 + 2�i,j

2 + 3 cos 	 �i,j sin (˛1) r3

+ sin

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1 −

√
3 sin

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r1 −

√
3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1
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)
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+2�i−1,j cos (˛3) �i,j+1 cos (˛2) − 2�i−1,j sin (˛3) �i,j+1 sin (˛2) − 2r1r3 cos

(
�3

2

)
− r3�i−1,j sin (˛3) sin

(
	
)

−r1 cos

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) −

√
3r3�i−1,j sin (˛3) cos

(
	
)

+ r1 sin

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2)

−
√

3r1 sin

(
�3

2

)
sin
(
	
)
�i,j+1 sin (˛2) −

√
3r1 cos

(
�3

2

)
cos

(
	
)
�i,j+1 sin (˛2))

(
sin
(
�2
))

) + d�ij2

Variation of bond angle �3 after buckling:

��ij3 = −
(

1

2
√

3(r1r2)
1
2

)
((

−1

2
(

−1 + cos
(
�3
)2
)√

1 − cos
(
�3
)2

(2(−2�i+1,j cos (˛4) �i,j cos (˛1) − 2�i−1,j�i,j sin (˛3) sin (˛1) + 2�i,j
2

−
√

3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r1 − 2�i−1,j cos (˛3) �i,j cos (˛1) −

√
3 sin

(
�3

2

)
sin
(
	
)
�i−1,j sin (˛3) r2

+ sin

(
�3

2

)
cos

(
	
)
�i−1,j sin (˛3) r2 − cos

(
�3

2

)
sin
(
	
)
�i,j sin (˛1) r2 − sin

(
�3

2

)
�i,j cos

(
	
)

sin (˛1) r2

+
√

3 sin

(
�3

2

)
sin
(
	
)
�i+1,j sin (˛4) r1 −

√
3 cos

(
�3

2

)
cos

(
	
)
�i,j sin (˛1) r2 + r2�i−1,j cos

(
�3

2

)
sin
(
	
)

sin (˛3)

− sin

(
�3

2

)
r1�i+1,j sin (˛4) cos

(
	
)

+
√

3�i+1,j sin (˛4) r1 cos

(
�3

2

)
cos

(
	
)

+ 2r1r2 cos

(
�3

2

)2

− 2r1r2 sin

(
�3

2

)2

+2�i+1,j cos (˛4) �i−1,j cos (˛3)

+2�i+1,j sin (˛4) �i−1,j sin (˛3) − 2�i+1,j�i,j sin (˛4) sin (˛1) +
√

3�i−1,j sin (˛3) r2 cos

(
�3

2

)
cos

(
	
)

+
√

3 sin

(
�3

2

)
r2�i,j sin (˛1) sin

(
	

+r1 cos

(
�3

2

)
sin (˛4) sin

(
	
)
�i+1,j − �i,j sin (˛1) r1 cos

(
�3

2

)
sin
(
	
)

−
√

3�i,j sin (˛1) r1 sin
(
	
)

sin

(
�3

2

)

+r1�i,j sin (˛1) cos
(
	
)

sin

(
�3

2

)
) cos

(
�3
)3 − 3 cos

(
�3
)2

−(−2�i+1,j cos (˛4) �i,j cos (˛1) − 2�i−1,j sin (˛3) �i,j sin (˛1) + 2�i,j
2 −

√
3r1 sin

(
�3

2

)
sin (˛1) cos

(
	
)
�i,j

−2�i−1,j cos (˛3) �i,j cos (˛1) −
√

3 sin (˛3) r2 sin
(
	
)

sin

(
�3

2

)
�i−1,j + �i−1,j sin (˛3) r2 cos

(
	
)

sin

(
�3

2

)

−�i,j sin (˛1) r2 cos

(
�3

2

)
sin
(
	
)

− �i,j sin (˛1) r2 cos
(
	
)

sin

(
�3

2

)

+
√

3�i+1,j sin (˛4) r1 sin
(
	
)

sin

(
�3

2

)
−

√
3�i,j sin (˛1) r2 cos

(
�3

2

)
cos

(
	
)

+ r2 cos

(
�3

2

)
sin
(
	
)

sin (˛3) �i−1,j

−�i+1,j sin (˛4) r1 cos
(
	
)

sin

(
�3

2

)
+

√
3�i+1,j sin (˛4) r1 cos

(
	
)

cos

(
�3

2

)

+2r1r2 cos

(
�3

2

)2

− 2r1r2 sin

(
�3

2

)2

+ 2�i+1,j cos (˛4) �i−1,j cos (˛3)

+2�i+1,j sin (˛4) �i−1,j sin (˛3) − 2�i+1,j sin (˛4) �i,j sin (˛1) +
√

3�i−1,j sin (˛3) r2 cos

(
�3

2

)
cos

(
	
)

+
√

3�i,j sin (˛1) r2 sin
(
	
)

sin

(
�3

2

)
+ sin (˛4) r1 sin

(
	
)

cos

(
�3

2

)
�i+1,j − �i,j sin (˛1) r1 sin

(
	
)

cos

(
�3

2

)
√ ( ) ( ) ( ) ( ) ( ( ))
− 3�i,j sin (˛1) r1 sin 	 sin
�3

2
+ �i,j sin (˛1) r1 cos 	 sin

�3

2
)2 + 2)) cos �3

−(−2�i+1,j cos (˛4) �i,j cos (˛1) − 2�i−1,j sin (˛3) �i,j sin (˛1) −
√

3�i,j sin (˛1) r1 cos
(
	
)

cos

(
�3

2

)
—2�i−1,j cos (˛3) �i,j cos (˛1)
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R

[
[
[
[
[
[
[
[
[

[

[
[

[

[

[
[

[

[

[
[

[
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−2r1r2 −
√

3�i−1,j sin (˛3) r2 sin
(
	
)

sin

(
�3

2

)
+ �i−1,jr2 sin (˛3) cos

(
	
)

sin

(
�3

2

)

−�i,j sin (˛1) r2 cos

(
�3

2

)
sin
(
	
)

− �i,j sin (˛1) r2 sin

(
�3

2

)
cos

(
	
)√

3�i+1,j sin (˛4) r1 sin
(
	
)

sin

(
�3

2

)

−
√

3�i,j sin (˛1) r2 cos
(
	
)

cos

(
�3

2

)

+�i−1,j sin (˛3) r2 sin
(
	
)

cos

(
�3

2

)
− �i+1,j sin (˛4) r1 cos

(
	
)

sin

(
�3

2

)

+
√

3�i+1,j sin (˛4) r1 cos
(
	
)

cos

(
�3

2

)
+ 4r1r2 cos

(
�3

2

)2

+ 2�i,j
2 + 2�i+1,j cos (˛4) �i−1,j cos (˛3)

+2�i+1,j sin (˛3) �i−1,j sin (˛4) − 2�i+1,j sin (˛4) �i,j sin (˛1) +
√

3�i−1,j sin (˛3) r2 cos
(
	
)√

3�i,j cos

(
�3

2

)
sin (˛1) r2 sin

(
	
)

sin

(
�3

2

)

+�i+1,j sin (˛4) r1 sin
(
	
)

cos

(
�3

2

)

−�i,j sin (˛1) r1 sin
(
	
)

cos

(
�3

2

)
− r1

√
3�i,j sin (˛1) sin

(
	
)

sin

(
�3

2

)

+�i,j sin (˛1) r1 cos
(
	
)

sin

(
�3

2

)
)
(

sin
(
�3
))

) + d�ij3 (6

Variation of inversion angle after buckling:

�ˇij = 1
3

(
�ˇij1 + �ˇij2 + �ˇij3

)
= dˇij +

1
3r0

[(
�ij − �i−1,j

)
+
(
�ij − �i+1,j

)
+
(
�ij − �i,j+1

)]
(7-A)
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